Abstract. The form of a real AT-body fermion wave function when expanded in Slater determinants of natural orbitals is investigated using a computer. I t is found that in the case when the number of natural orbitals is N f 2 there is a considerable reduction in the number of Slater determinants required. This offers the possibility of calculating atomic wave functions which are significantly more accurate than Hartree-Fock without an excessive amount of additional computing.
Introduction
The computer has been a valuable tool in performing numerical calculations for various physical systems where the normal objective is to obtain specific estimates of one or more well-defined variables. It is, however, possible to use a computer in a slightly different way where the objective is instead to investigate the structure of mathematical functions or to give clues to aid theoretical investigations of this type. The philosophy behind this approach is that having discovered a result numerically it is often not too difficult to verify the result rigorously by analytical means. It might well be that such a result, if not suspected, would not have come to light in the course of a conventional theoretical treatment.
I n the spirit of this approach we have recently attempted to attack the N-representability problem for fermions (for a discussion of this problem and its importance see Coleman 1963) . If the necessary and sufficient conditions for N-representabilitp could be expressed in a simple form, the numerical solution of a vast range of important problems would be facilitated. Although we have not yet made any significant inroads into the general N-representability problem we have uncovered some very interesting properties of certain approximate AV-body antisymmetric wave functions. These properties should simplify calculations of the electronic properties of atoms and molecules when it is desired to improve on the Hartree-Fock results.
We give in the following section a very brief review of the theory of configurational expansions and one-body reduced matrices. This theory is needed to describe our results.
N-body wave functions and the one-body reduced matrix
expression Given a complete orthonormal set of one-particle states $$(x) (i = 1, 2, 3, ...), the 
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The variable x i denotes any complete set of coordinates associated with the ith particle and these might be space coordinates, space and spin coordinates or perhaps space-time coordinates. The summations in (1) should be taken over the infinite set of orbitals, but in practical calculations of N-body wave functions the set of orbitals is truncated severely. We therefore regard the summations in equation (1) to range over values of the subscripts from 1 to M where -VI 3 N. It is known empirically from the results of multi-configurational calculations that the convergence with , ; 21 is quite good for some atomic systems if the orbitals are chosen in an optimum way, in particular if they are natural orbitals (Lowdin and Shull 1956 ).
Those terms in equation (1) which are related to each other by a permutation of the subscripts can all be collected together, and using the antisymmetry of the co-K where aK is the coefficient a i j , . . , of an ordered set of N subscripts i < j < ... (2) becomes When M = N we have a single determinant and this is known as the Hartree-Fock approximation. I n general, however, the total number of such Slater determinants is -VI!/(M-N)! N!, and it is the rapid increase in this number with -7M which makes multi-configurational calculations so time consuming.
The one-body reduced matrix p(xl', xl) for the wave function Y is defined by
(4)
Expanding \k' by equation (I) and using the orthonormality of the 4, we obtain and {k} denotes the set of all ordered subscripts obtained by choosing N -1 subscripts from L;21.
The matrix B is hermitian and can therefore be diagonalized by the matrix Q of column eigenvectors, such that (a-' BQ)ij = Qij. where the summation is over all the configurations K which include the ith orbital,
Numerical investigation
The object of the numerical investigations was to attempt to find the restrictions on the one-body reduced density matrix by looking for correlations among the eigenvalues and also among the A K for the natural orbital representation. For this purpose various values of N and M were considered. In order to carry out this programme one does not need to specify the exact nature of the $ i ( x ) since they do not enter specifically into expressions (12) and (14) for the coefficients A , and the eigenvalues hi. We formed a real antisymmetric wave function y? by using a randomnumber procedure to generate each of the a, in equation (3). These coefficients were then normalized using equation (2a). The purpose of generating these coefficients randomly was merely to ensure that any correlations found among the one-body eigenvalues or among the values of AK are not due to Y" having been restricted to a special form (apart from being real).
From the set of ag we formed the matrix B and using a standard diagonalization procedure obtained the eigenvalues and eigenvectors. These vectors were then used to form the set of A , according to equation (12). We then searched for correlations among the results in an attempt to discover a pattern as N and , VI were increased. The most important results so far found are those reported below.
Results
I n the simplest many-body case, N = 2, what u e find is that the eigenvalues of the one-body reduced matrix occur in degenerate pairs. When M is odd one of the eigenvalues is zero. Yon-zero? values of A K occur only for determinants occupied by the corresponding degenerate pairs of natural orbitals. The occurrence of the degenerate pairs of eigenvalues can easily be appreciated from the form of the A K using equation (14) . These results are well known and, in particular, the reduction in the number of Slater determinants required in the calculation of two-electron systems has already been noted by Lowdin and Shull (1956) .
I n addition to the N = 2 case, the 144 = N+ 1 case is also already well understood for all LV. The result is that there are N eigenvalues all equal to unity and one zero eigenvalue. The only determinant with non-zero A K is the one occupied by the N degenerate natural orbitals. The :If = N + 1 case does not, therefore, add anything to the Hartree-Fock approximation.
= ,V+2 that we obtain what we believe to be new and interesting results. For even -V the eigenvalues occur in degenerate pairs and for odd N they again occur in degenerate pairs except for the extra one which has value unity. However, the most important result is that the only non-zero values of A , are those in table 1. As before, the eigenvalue properties can be readily understood in consequence of the fact that these are the only non-zero values of AK. The orbitals are ordered so that their eigenvalues are in decreasing order.
It is when we go to
The pattern that occurs appears fairly clear. When N is even, there are &V+ 1 pairs of orbitals and the non-zero values of A , are obtained by deleting in turn each pair from the configuration. When N is odd the result is the same as for the preceding even value of N except that every configuration contains the odd orbital. This means that in this approximation the unpaired orbital is fully occupied (i.e. its eigenvalue has the value unity), whilst the paired orbitals are not in general fully occupied.
The number of configurations required for this approximation is [&NI + 1 where the square brackets denote the integral part of J N . This is considerably less than the +(N+ 1)(N+ 2) configurations that would be needed in the original representation.
Using the [$NI + 1 configurations in a variational scheme where both the orbitals and AK are varied it should be possible to perform atomic structure calculations with a worthwhile increase in accuracy over Hartree-Fock calculations with less additional computing than is usually required in a multi-configurational approach. This may be useful for the calculation of excited states for which the Hartree-Fock approximation is not always satisfactory. Furthermore, the simple form of the total wave function that we have obtained may be of value in approximate theoretical descriptions of the behaviour of electron systems.
Other results and future work
The only other instance in which we have found a reduction in the number of It remains to confirm that the pattern which emerges for -11 = N + 2 persists for all N and to establish whether or not the results are equally valid for complex Y.
At this stage we feel it more worth while to investigate these properties analytically and it is our intention to do this.
It can be proved very simply (R. J. Bell, private communication), just by using the properties of determinants, that the orbitals +$ can be transformed in such a way as to effect a reduction in the number M!/N!(l14-N)! of terms in (3). I n particular for the A1 = -V+ 2 case, Bell has been able to confirm that reduction to [&NI + 1 occurs, in line with our results above. On the other hand his procedure makes no reference to natural orbitals, so there is no guarantee that this result is entirely equivalent to ours.
A 3 5 6 and A456.
